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Abstract. We have developed simple wave functions for two- and three-electron atoms and ions, which
have the correct structure when one of the electrons is far away, or when two of the particles are close to
each other. These essentially parameter-free wave functions allow us to deduce fairly accurate values for
the energies, (r*™), for multipolar polarizabilities of two-electron atoms and ions, and for the coefficients

of the asymptotic density.

PACS. 31.15.-p Calculations and mathematical techniques in atomic and molecular physics (excluding
electron correlation calculations) — 31.15.Ar Ab initio calculations

1 Introduction

Development of simple, analytic wave functions is an im-
portant but difficult problem in atomic physics. Generally
one uses a basis of convenient, orthonormal state vectors
with variational coefficients. The variational approach has
achieved a very high level of accuracy in the calculation
of He energy levels, and also of Li, in some cases better
than 1 part in 10*°. The calculations for He were based on
the use of logarithmic terms [1-3] in the basis, or doubled
basis sets [4]. One also has very accurate values for some
excited states [5] and for Li ground state [6]. More recently,
it has been emphasized [7-11] that wave functions which
incorporate some properties of the exact wave functions
provide accurate and useful representations of the energy
eigenstates of two-electron systems. These considerations
need to be extended to systems with more than two elec-
trons. It may also be mentioned that the general analytical
structure of the wave functions is an important guideline
in the choice of the basis functions for the variational cal-
culations. A basis chosen with the correct analytic struc-
ture of the wave functions has been shown [12] to be very
efficient in giving variational energies of a very high level
of accuracy.

Here we discuss some useful, local properties of wave
functions and develop simple but fairly accurate wave
functions for two-electron atoms and ions. We then ex-
tend these ideas to develop accurate wave functions for
the ground state of three-electron atoms and ions. These
wave functions allow us to deduce some important prop-
erties of the systems, such as asymptotic densities, expec-
tation values of (r?), multipolar polarizabilities, etc. We
will use atomic units unless stated otherwise.

® e-mail: sharad@phy.iitb.ernet.in

2 Some local properties

Here we briefly discuss some local properties of eigenfunc-
tions of energy. These properties will help us in developing
reliable wave functions for the eigenstates.

2.1 Asymptotic wave functions

The Hamiltonian for N-electron atoms and ions is

Ay} Yz &1
) N L s Z 1 .
> 3 Zm+zw’ (2.1)
=1 i=1 1>]
where r;; =| r; —r; |. The energy eigenfunction
HY 4(r;) = E(r;) (22)
then has the asymptotic behaviour [13,14]
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—uw)(l+u+1) n

— —ariy u 1
folr) € " * 2ary
x}/[m(917¢1)7
o =[BTV B2,
u - Qn-1 1
a

where wéNfl) (ra,...,rn) is the ground-state wave function

of the (N — 1)-electron system with energy E(gN_l), Qn_1
is the charge seen by the electron 1 when it is far away,
and / is the angular-momentum quantum number of elec-
tron 1 when it is far away. It is important to note that the
asymptotic behaviour depends only on the separation en-
ergy E(()N_l) — F of the last electron and the charge Qn_1
of the core seen by this electron when it is far away.
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2.2 Wave functions for r; — 0

When electron 1 is close to the nucleus, the Schroedinger
equation can be written in the form

(-39~ 2) ™ =0,

. (2.4)

where the terms on the right-hand-side are finite order
terms for r; — 0. Keeping other variables fixed, we expand
) in terms of spherical harmonics,

PN =" G (1) Y™ (01, 1)

l,m

(2.5)

and project out the £, m state to get

d? 41
& nGumm] - Y ) + 226
i 1
— O (41 for r; — 0. (2.6)
Substituting
Gim(r1) =% (ap +arry + ...) (2.7)
into equation (2.6), one obtains
Z
= —— . 2
a1 It ao (2.8)

One usually applies this condition to the dominant s-wave
terms for which

a1(£ = 0) = —Zao(f = 0) . (29)

2.3 Wave function for 71 — 0

When electrons 1 and 2 are close to each other, we go
to the centre-of-mass frame of electrons 1 and 2 whose
reduced mass is 1/2, so that

1
(—V%2 + —) ™) =0(1). (2.10)
12
We again expand in terms of spherical harmonics,
M) = Z Gom(r12) Yi" (012, ¢12) (2.11)

L,m

and project out the £, m state to get

d? (+1
—5 [112Gem(r12) ] — ( ) Gem(r12) — Gom(r12)
d’l“12 T12
— O ({31 for 719 — 0. (2.12)
Substituting
Gom(r12) = 7455 (bo + b1712 + ...) (2.13)
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into equation (2.12) one obtains

1

h=sa ™

(2.14)

When the two electrons are in the singlet state they are in
relative £ even states and when they are in the triplet state,
they are in relative ¢ odd states. Therefore the leading
contribution for 715 — 0 is from the £ = 0 term for the
singlet states, and from the ¢ = 1 term for the triplet
states, so that one has for 15 — 0,

1
w(N) — bo (1 + 57“12) for singlet

1
— bo 712 <1 + Z’I“lg) for triplet . (215)

These are described as cusp conditions.

3 Two-electron wave functions

For a two-electron atom or ion with nuclear charge Z, the
Schroedinger equation is

Hy=Eq,
1 11 1
H=>(p3+p)-Z(—+—)+—. (31
5(P1+p2) <r1+r2)+r12 (3.1)

We develop model wave functions for different states which
incorporate the local properties we have discussed.

3.1 Ground-state wave function

We propose a wave function of the form

(r1,r2) =
Ale Zm e g(ry) + e 2™ e g(r1)] f(r12), (3.2)

where A is the normalization constant. We take

a=[2(-2%/2- E)]'?, (3.3)
with E being the total energy of the system, to ensure
the correct asymptotic, exponential behaviour in equation
(2.3). The energy E is determined iteratively by calculat-
ing the average value of H,

o WIH|Y)

W 19)

The factor g(r;) is introduced to incorporate the required
threshold behaviour in equation (2.9) and in the interme-
diate —r region. It may be noted that for He and positive
ions Lit, etc., the exponent a is large, and the power u
of r1 in equation (2.3) is small and may be left out. For
H™, a is quite small and u is —1. Therefore we consider
different g(r;) for the two cases.

(3.4)
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3.2 Behaviour for r; — 0
For He and the positive ions, we take

g(r)) =1+ ce %", Z'=7Z-5/16. (3.5)
The choice of Z’ in the exponent ensures that when the
electron is outside the remaining core, which in the varia-
tional description implies r; > 1/Z’ the function

g(ri) = e "ig(r:)
=e i1+ ce*Z/”) (3.6)
is dominated by the leading asymptotic exponential term
e~ %, The constant c¢ is determined by the coalescence
condition in equation (2.9) which implies

1+c)a+cZ

=Z 3.7
2 , (37)
or
_ (Z-a)
= a7 (3.8)
For the negative ion H™, we take
g(r)) = (1—e ") /ry, (3.9)

which has the required asymptotic power r; ! in equation
(2.3). For ensuring the correct behaviour in equation (2.9)
for r; — 0, we require

e (1 —e ") 1y = b(1 — Zr;) for r; —0, (3.10)
which leads to the relation
b=2(Z-a), Z=1. (3.11)

This determines g(r;) in equation (3.9) for negative ions.

3.3 Behaviour for 15 — 0

It has been found [15] that

1
142X

—AT12

flriz) =1-

(3.12)

provides a good description of the correlation between the
two electrons. It incorporates the cusp condition in equa-
tion (2.15):

2\

Fr2) = 3755

1
<1+ rlg) for r12 — 0. (3.13)

Furthermore, the parameter A\ was estimated [15] from a
perturbative approach to be well represented by

5Z

1
53 (3.14)
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3.4 Results for the ground state

We now have the wave function in equation (3.2) for the
ground state. The function g(r;) is given in equation (3.5)
for He and positive ions, with the parameter ¢ given in
equation (3.8), and in equation (3.9) for H~ with the pa-
rameter b determined by equation (3.11), and the correla-
tion function f(r12) is given by equation (3.12) along with
A as quoted in equation (3.14). The parameter a which
depends on F, and the energy E taken to be the average

energy,
1 1
Z ( + L > + Ly,
1 ] r12

(3.15)

B |4) = (| —5(V3+ V3) -

are determined iteratively. There are no free parameters
in the wave functions.

The wave function in equation (3.2) for He and positive
ions with g(r;) given in equation (3.5) is of the form

w _ Z Aje (—uir1—viTe —w;T12) , (316)

so that

(W | ) = ZA A
X /d3r1 drg e - (witua)ri—(vitv;)ra = (witw;)rao] .(3.17)
The expectation value of H is given by
W H|p) = ZA 4

« /d37‘1 d37,2e[7(ui+uj')’l"17(’Ui+’Uj)7"27(wi+wj)"’12]

2 2
X |—u —w; +
Ty T12

_“iwiw} : (3.18)
T1T12
These expressions involve integrals of the type
Iy o ms (w, 0, w) =
/d3r1 d3ry rPiryrite (—ury—vro—wrs) _
(=d/du)™ ! (=d/dv)"> ! (—d /dw)"*!
Lo (3.19)

X(u—i—v)(v—f—w)(w—l—u) )

This allows us to obtain the energies in a closed analytic
form. The energy expressions for the negative ion H™ wave
function in equation (3.2) with g(r;) given in equation
(3.9) are reduced to a similar form by using the identity

—ar _ ,—br b
£ -° :/ e “da. (3.20)
r a
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Table 1. Parameter c, normalization constant A for the wave function in equation (3.2), —E®** ratio —2T'/V of expectation
values of twice the kinetic energy and potential energy, expectation values of 72, r* for the ground state of two-electron atoms
and ions, and the essentially exact variational energies from reference [16].

c A —Etet —E'*(exact) —2T/V (r?) (r)
H- - 0.1992 0.52533 0.52775 1.011 25.33 1846
He 0.6376 0.8489 2.90175 2.90372 0.992 2.388 7.912
Lit 0.3148 3.1383 7.27677 7.27991 0.992 0.889 1.028
Be?t 0.2092 8.590 13.6517 13.65557 0.992 0.462 0.273
B3t 0.1567 17.43 22.0266 22.03097 0.994 0.283 0.102
cHt 0.1253 30.85 32.4015 32.40625 0.994 0.191 0.0460
N5+ 0.1043 49.81 44.7764 44.78146 0.996 0.137 0.0238
08+ 0.0891 75.27 59.1514 59.15660 0.996 0.104 0.0135
F7+ 0.0782 108.2 75.5264 75.53171 0.996 8.10 x 1072 8.24 x 1073
Nedt 0.0695 149.5 93.9013 93.90681 0.996 6.50 x 1072 5.50 x 1073

The energies are again available in a closed analytic form.

The wave functions also allow us to calculate the ex-
pectation values (r?), (rt), etc. The expectation value (r?)
is related to the diamagnetic susceptibility x,

(3.21)

The results are given in Table 1. They are in fairly
good agreement with the results of elaborate calculations.
For example, with our zero-parameter wave function, we
get £ = —2.90175, —7.2768, —13.6517 for the total ener-
gies of He, Lit, Be?t, which may be compared with the
essentially exact values of —2.90372, —7.2799, —13.6556,
respectively, obtained from variational calculations [16].
For H™, we get £ = —0.5253 from the parameter-free
wave function, to be compared with the value of —0.5276
from the variational calculations [16]. The expectation val-
ues for (r") are also quite good. Our values of (r?) for
He and Li™ are 2.39 and 0.889, and the value of (r*) for
He is 7.91, to be compared with the corresponding values
of 2.39, 0.892, and 7.93, respectively from the accurate
variational wave functions [16]. Since our wave functions
incorporate the correct asymptotic behaviour, the results
for higher values of n are particularly reliable. Apart from
the accuracy of the predicted energies, one can judge the
quality of the model wave function in terms of the virial
theorem. For the exact wave functions the virial theorem
requires that the ratio —2(T")/(V') should be 1. As can be
observed from the results in Table 1, our values for this
ratio are quite close to 1.

3.5 Wave functions for excited states

We can also write simple, useful expressions for lowest
energy wave functions with L = 1,2, ... incorporating the
threshold and cusp conditions in equations (2.9, 2.14), and
the asymptotic behaviour. The suggested wave functions
are

P(ry,ra) = A [e_Z” e 2 rg Py(cosb2)
+e 22 et Py(cos0))] fi(riz), (3.22)

Table 2. Variational values of parameter A\, normalization con-
stant A, energies predicted, and experimental energies for some
excited states of He and LiT.

state A A —E®t — Eoxpt
He 2'P  0.80 0.1130 2.12336  2.12390
23P  0.90 0.1197 213042  2.13324
31D 050 2855 x107%  2.05560  2.05566
33D 040 2.895 x 107  2.05562  2.05568
Li' 2P 135 1.1669 4.9922  4.9935
23P 150 1.2444 5.0220 5.0279

where the + is for singlet states and — is for triplet states.
For the correlation functions we take

1
fr(riz) =1-— me”‘”” singlet states,
+
1
f-(ri2)=1- HTe_)‘Jm triplet states, (3.23)

which satisfy equation (2.14) for £ = 0, 1 respectively, for
r12 — 0. The constant a in equation (3.22) is determined
from the asymptotic condition in equation (2.3),

a=[2(-2%2-E)]Y?, (3.24)
where F is determined iteratively to give
(| H|)
EFE=—"" 3.25
W) (3:29)

with the Hamiltonian in equation (3.1). The remain-
ing parameter Ay are determined variationally. These 1-
parameter results are given in Table 2, and are in good
agreement with the experimental values of the energies.
For example, our predicted values for the energy of the
singlet 2P state of He is —2.1234 which is to be com-
pared with the experimental value of —2.1239.
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Table 3. Values of Di, D, for the perturbed wave function in equation (3.30) and the calculated values of the polarizabilities
ay and hyperpolarizabilities B for H™, He, Li™, Be™™ along with the results from other calculations.

H™ He Lit Bett
Di(t=1) 2.128 0.3302 0.1972 0.1411
Dy(£=1) 0.37 0.979 0.407 0.220
Di(£=2) 1.419 0.2287 0.1346 0.0957
D¢ =2) -0.03 0.544 0.239 0.138
Di(¢=3) 1.064 0.1750 0.1022 0.0724
D2 (£=3) -0.07 0.336 0.165 0.0970
o 220 1.370 0.191 0.0517
a1 (other) (211-215), (1.383), (0.192). (0.051)4
o 1.08 x 10* 2.407 0.109 0.0146
az (other) - (2.443), (0.111)4 (0.0149)4
as 1.38 x 108 10.60 0.154 0.0104
-B 7.54 x 10° 7.75 0.114 7.52 x 1073
—B (other) - (7.333) (0.121) (8.39 x 107?),

a: Reference [19], b: reference [17], c: reference [18], d: reference [8], e: reference [20].

3.6 Multipolar polarizabilities and hyperpolarizabilities

Our wave functions can also be used to calculate multipo-
lar polarizabilities and hyperpolarizabilities. In the pres-
ence of a perturbative multipolar potential, the perturba-
tion to the wave function, §1),, satisfies the inhomogeneous
equation

(H — E)éy = [rf Py(cosby) + rg Py(cosbs) ],
(3.26)

where H is the unperturbed Hamiltonian given in equa-
tion (3.1), and ¢ is the unperturbed wave function given
in equation (3.2). The multipolar polarizability ay is given
by

ap = 2| [rf Py(cosb1) + 7‘5 Py(cosbs)] | dtbe).
(3.27)

For obtaining a good representation for §1,, we observe
that equation (3.26) implies the asymptotic behaviour,

Sy =5 Dy T Py(cosfy) Aem 42 (3.28)

1
B a(€+2—€0—Q1/a) ’
where A is the normalization constant of the unperturbed
wave function in equation (3.2), and ¢y is equal to 0 for He

and positive ions, and is equal to 1 for H~. We therefore
take

D, Q1:Z_17

(3.29)

6y = [(D1r1 + Do) ri " Py(cosf;) Ae a1 =272
+(D1rg 4 Dy) s Py(cosby) Ae™2=2M] f(ry5), (3.30)
with f(r12) being the correlation function given in equa-

tion (3.12). The constant D5 is determined by requiring
that this function satisfies the equation

(0e | (H — E) | 6¢e) =
(0% | [r{ Py(cosby) + rg Py(cosb2)] | ) (3.31)

obtained by taking the scalar product of the relation in
equation (3.26) with 0v¢,. The values of the parameter
Dy, D5, and the values of the polarizabilities are given in
Table 3. The polarizabilities are generally in good agree-
ment with the results of other calculations [8,17,18]. Since
the polarizabilities of H™ are very sensitive to the input
separation energy of the last electron, we have taken the
experimental value of 0.0276 as the input separation en-
ergy for H™. For this input energy the normalisation con-
stant A is 0.2125 and the predicted value of the dipolar
polarizability of H™ is 220 which may be compared with
the value of 211-215 from earlier calculations [19].

The wave functions d1), in equation (3.30) can be used
for calculating hyperpolarizability B defined as

B = —2T191 — 471119, (3.32)

where
T121 = <51ﬁ1 | [7‘% PQ(COS 91) + T’g PQ(COS 02)] | 6@[21> )
3.33

Ti1s = <51/)1 | [7‘1 Pl(COS91) —+ 7o Pl(COSGQ)] | 5¢2>
(3.34)

The predicted values of B are given in Table 3. The value
of 7.696 for He is close to the value of 7.327 from other
calculations [20]. Since our wave functions have the correct
asymptotic behaviour, we expect that our predicted values
are quite reliable.

4 Three-electron wave functions

The general approach based on the local properties of en-
ergy eigenfunctions can be extended to develop wave func-
tions of atoms and ions with three electrons.

We consider a wave function

1/)(17 2, 3) =G [ (b(lv 2)77(3)

+0(2,3)n(1) + 63, )n(2) | F(1,2,3) . (41)
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Here, ¢(i, j) are the two-electron wave functions we devel-
oped earlier (correlation part is in F),

2
d)(Z?]) _ ch[efznefakrj + 67ZTj67akn]
k=1
x[a(i)B(j) — B(i)als)]/2"2, (42)
where
ay = [2(—22%/2 — E;)]V?, (4.3)

FE5 being the ground-state energy of the two-electron ion,

o =1, (4.4)
a2=a1+Z', Z/:Z—5/16, (45)
(Z —a1)
2 4.
IR (46)

as required by the threshold behaviour in equation (3.8),
and « and (8 are the spin-up and spin-down state vectors
of the electrons. The function 7 is taken to be

n(i) = r? <ri + UL)U_Q e (i), (4.7)

Imposing the asymptotic behaviour in equation (2.3), we
get

a=[2(E; - E)]'/?,
Z -2

= -1 4.8
=221 (19)
u(u+1)
d=——=.
2a
Finally, the correlation function F' is taken to be
F(1,2,3) = f(1,2) f(2,3) f(3,1),
1
) =1— ———e i 4.
) T (4.9)
5z 1
1203

where f(7,7) is the two-electron correlation function in
equation (3.12) with A given in equation (3.14). It must
be emphasized that there are no free parameters in the
wave function, but the wave function satisfies the correct
exchange properties, the correct asymptotic properties for
r; — 00 and the correct threshold properties for r; — 0 or
Tij — 0.

It is straightforward to calculate the expectation value
of the energy

WIT+V o)

E=""0w

(4.10)
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Table 4. Input values of —Fs, a, ¢; of two-electron wave func-
tions in equation (4.2), input values of the ionisation energy
which is nearly equal to the output values of the ionisation
energy, normalization constant G, average value of r%, and the
coefficient Ncg of the asymptotic radial density in equation
(4.12), for Li, Be™, B*", along with the accurate variational
values —ES! from a: reference [6], b: reference [21].

Li Be™ BT
—E, 7.277 13.652 22.0273
a1 2.357 3.3622 4.3652
a: 4.619 6.3123 8.0056
1 1 1 1
c2 0.3974 0.2758 0.2112
Ei™(eV) 5.3912 18.21 37.93
Ein(eV) 5.334 18.16 37.86
—EX%% 7.4732 14.320 23.4193
—Eit (7.47806), (14.3247), (23.4245),
G 0.4303 3.828 17.86
(r?) 17.35 6.45 3.32
Ncj 0.660 8.04 42.0

The evaluation of the kinetic energy is simplified by using
the identity [9]

/ (6 1) V2 (6 f)dr = / 2OV 6 - 6 (Vf)- (Vf)dr
(4.11)

which follows from simplifying the left-hand side and in-
tegrating by parts.

The integrations are carried out numerically. The cal-
culated values of the parameters and the predicted values
of the energy for Li, BeT, BTT are given in Table 4. The
energies are generally in good agreement with the accurate
variational calculations [6,21]. For Li, the predicted values
are —7.4734+0.0015 a.u. for the total energy, 5.33+0.04 eV
for the ionisation energy with the uncertainties being due
to estimates of errors in numerical integrations, and the
corresponding variational values [6] are —7.4781 a.u. and
5.39 eV, respectively. The predictions for Be™ and B™"
are of similar quality. Other quantities of importance are
the normalization constant G, and the coefficient N¢3 of
the asymptotic radial density

pr(r) =3 Nk p2utl) g=2ar (4.12)

We have also given the calculated values of (r?) which are
related to the diamagnetic susceptibility x as in equation
(3.21). Our value of 17.4 for (r?) of Li is fairly close to
the corresponding value of 18.355 from the accurate vari-
ational wave functions [6]. Since our wave functions have
the correct asymptotic behaviour, we expect the predicted
values of the coefficient Nc2 of the asymptotic radial den-
sity, and of (r?) to be fairly reliable.
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5 Conclusions

Wave functions of the atoms and ions have simple struc-
tures when one of the electrons is far away, or when it
is close to the nucleus, or when two electrons are close
to each other. These properties provide important guide-
lines in the construction of simple, analytic wave functions
of atoms and ions. We have constructed relatively simple
wave functions satisfying these properties for two-electron
atoms and ions. These wave functions without any free pa-
rameters give fairly accurate values for the energies and
for the average values (r?"). We have also presented a sim-
ple method based on asymptotic behaviour of perturbed
wave functions, for obtaining accurate values for the mul-
tipolar polarizabilities and hyperpolarizabilities. The two-
electron wave functions are then used to construct three-
electron wave functions, incorporating the asymptotic and
threshold conditions. These three-electron wave functions
provide fairly accurate values for the energies, the aver-
age values (r?"), and for the coefficients of asymptotic
densities. The simplicity of the wave functions and the ac-
curacy of their predictions demonstrate the importance of
the asymptotic and threshold behaviours in the develop-
ment of the wave functions.
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